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Abstract. Let G be any connected semisimple Lie group of real rank 1 with 
finite center, let V be any non-uniform lattice in G and a any diagonalizable 
element in G. We investigate the relation between the metric entropy of a 
acting on the homogeneous space T\G and escape of mass. Moreover, we 
provide bounds on the escaping mass and, as an application, we show that 
the Hausdorff dimension of the set of orbits (under iteration of a) which miss 
a fixed open set is not full. 
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1. Introduction 

Let G be a connected semisimple Lie group of R-rank 1 with finite center and 
T a lattice in G. Suppose that 

X := T\G 

denotes the arising homogeneous space. Let A be a maximal one-parameter 
subgroup consisting of diagonalizable elements. Pick an element a G A \ {id} 
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and consider the right action 

rp I X > X 



x i y xcl 

of a on X. Further let (/U n )neN be a sequence of T-invariant probability measures 
on X which converges in the weak* topology to the measure v. 

If v is itself a probability measure (which is always the case if V is cocompact), 
then upper semi-continuity of metric entropy is well-known, that is 

lim sup h^ n (T) < K{T). 

n—^oo 

In this article we investigate the case that T is non-cocompact and v is not a 
probability measure. We show that if upper semi-continuity does not hold, the 
amount by which it fails is controlled by the escaping mass. More precisely, the 
main result can be stated as follows. 

Theorem. Let h m (T) denote the maximal entropy ofT and suppose that v(X) > 
0. Then 

u(X)h~(T) + \h m {T) ■ (1 - u{X)) > lim sup 

n-toc 

A consequence of this theorem is the following result about escape of mass, 
which is of interest on its own. 

Corollary. Suppose that lim sup h^ n (T) > c. Then 

Thus, if the entropy on the sequence (/x n ) is high, meaning at least ^h m (T) + e, 
then not all of the mass can escape and the remaining mass can be bounded 
quantitively. 

For X = SL/2(Z)\ SL^M) and T being the time-one map this control on escape of 
mass is already shown in [ELMV]. Moreover, [EK] provides a result of this kind 
for the rank 2 space X = SL3(Z)\ SL^IR) and the action by a specific singular 
diagonal element. We refer to [EK] for a discussion of applications. 

In the extreme case of escape of mass, the theorem and corollary above yield 
the following consequence for the entropy of the remaining normalized measure. 

Corollary. // lim sup h^ (T) > c and 

" (X) = s5t)- 1>0 ' 

then h v (T) is the maximal entropy h m (T). 

As an application of these results and the methods for their proofs we show 
in Section 8 that the Hausdorff dimension of the set of forward- A-orbits which 
miss a fixed open set is not full, thereby answering a question of Barak Weiss. 
Its positive solution is already used in [HW] and [KW]. 

Let us outline the strategy of proof for the main theorem. The key tool for its 
proof is the existence of a finite partition rj of X such that for each T-invariant 
probability measure [i on X the entropy of (M, the entropy of the partition rj and 
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the mass "high" in the cusps of X are seen to be related as in the main theorem. 
More precisely, if X >s denotes the part of X above height s (the notion of height 
is defined in Section 3 below), then 

h^{T) < h^(T,7]) + c s + \h m {T)n(T >s ) 

with a global constant c s such that c s — > as s — > oo. We remark that i] is 
independent of ji. To achieve this we use a partition of X into a fixed compact 
part, the part X >s above height s, and the strip between the compact part and 
X >s . The compact part is refined into very small sets, depending on the width 
of the strip, such that this part and the strip do not contribute to entropy. 

The entropy of \i is estimated from above using the Brin-Katok Lemma, which 
reduces this task to counting Bowen balls needed to cover some set of fixed 
positive measure. In Lemma 7.3 below we prove a non-trivial bound for this 
number. In order to be able to establish this result, we translate the situa- 
tion to Siegel sets in G (which is possible thanks to a result of Garland and 
Raghunathan [GR70] on fundamental domains), and make a detailed study how 
nearby trajectories behave high up in the cusp. 

These investigations do not use the classification of R-rank 1 simple Lie groups. 
Rather we take advantage of the uniform and easy to manipulate construction 
of rank 1 symmetric spaces of noncompact type provided by [CDKR91] and 
[CDKR98] and the coordinate system of the associated Lie groups adapted to 
their geometry. 

Acknowledgment. We thank the referee for a thorough reading and helpful 
comments. 



2. Fundamental domains in the cusps 

Let A be the maximal M-split torus in G containing the diagonalizable element 
a defining an action T on X via x i— > xa. Let C = Ca{G) denote the centralizer 
of A in G and c its Lie algebra. Let g denote the Lie algebra of G. Since G is of 
M-rank 1, there exists a group homomorphism a: A — > (M>o, •) such that with 

Qj :={x£Q Va G A: Ad a X = a(a)ax| , je{±l,±2}, 

we have the direct sum decomposition 

(i) fl = g-2©g-iec©si©g 2 . 

We choose the homomorphism a such that a(a) > 1. The Lie algebra g is the 
direct product of a simple Lie algebra and a compact one. Unless this simple 
Lie algebra is isomorphic to so(l,n), the homomorphism a is then unique and 
(1) is the restricted root space decomposition of g. If the simple factor of g is 
isomorphic to so(l,ra) for some n S N, n > 2, then there are two choices for a. 
Depending on the choice, either g 2 or gi is trivial. In this case (1) simplifies to 

g = g_i0c©gi resp. g = g_ 2 ©ceg 2 , 

each of which is the restricted root space decomposition of g. The first one 
corresponds to the Cayley-Klein models of real hyperbolic spaces, the second one 
to the Poincare models. Define n := g 2 ©gi and let TV" be the connected, simply 
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connected Lie subgroup of G with Lie algebra n. By Iwasawa decomposition, 
there exists a maximal compact subgroup K of G such that 

N x A x K — > G, (n, a, k) H> nak 

is a diffeomorphism. Let 

M := KnC. 

For any s > we set 

A s := {a £ A \ a(a) > s}. 
Moreover, for any s > and any compact subset r\ of N we define the Siegel set 

n(s,rj) := T)A S K. 

Garland and Raghunathan provide the following result on fundamental domains 
for the non-cocompact lattice T in G. 

Proposition 2.1 (Theorem 0.6 and 0.7 in [GR70]). There exists s > 0, a 
compact subset i]o of N and a finite subset S of G such that 

(i) G = TEn(s ,vo), 

(ii) for all £ £ E, f/ie group F n £-/V£ 1 is a cocompact lattice in £iV£ , 

(iii) /or aZZ compact subsets r\ of N the set 

{ 7 £ r | 73n(a ,»/)nn(ao,»/) ^0} 

is finite, 

(iv) /or eac/i compact subset rj of N containing rjo, there exists s\ > sq such 
that for all £i,£2 G 3 and a// 7 £ T wii/i 7^1 (so, 77) n £2^(^1,77) ^ $ we 
have £1 = £2 ar1 ^ 7 £ Ci-^-^Ci" 1 - 

For the rest of this article we fix si > sq > 0, a compact subset 770 of N and a 
finite subset E of G which satisfy (i)-(iv) of Proposition 2.1 with 77 := rjo- 

The elements of S are a minimal set of representatives for the cusps of 

X := 

and for each £ £ S, the Siegel set £Jl(si, 77) is modulo rn£iVM£ a fundamental 
domain for a neighborhood of the corresponding cusp of X. 

3. The height function 

For each £ £ E, we introduce a height function which measures how far a point 
x £ X is "in the cusp £". More precisely, the £-height of x is the maximal 
value a(a) for an x-representative £nafc in G = £NAK. The maximum over 
all ^-heights gives the total height of x £ X. For a coordinate-free definition 
of the height functions, we introduce a representation derived from the adjoint 
representation. This representation was already used in [Dan84]. 

For each £ £ S we let 

/.. := £iVM£ 1 

and denote its Lie algebra by Set £ := dim ^ (which in fact is independent 
of £) and let V be the £-th exterior power of q 

v=-AV 
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Let q be the right G-action on V, given by the £-th exterior power of 
Ado G^End(g), g i-)- Ad g -i , 

hence 

g := f\ ( Ad o : G -> End(y). 

We fix a non-zero element in the one-dimensional space 

and let 

Of. £NMAC l -> K >0 
be the unique group homomorphism into the multiplicative group (M>o, •) such 
that for all g G ^NMA^~ l we have 

v£Q(g) = 0^(g)v(. 

One easily shows that 9^{g) = 1 for g in the connected component of Lp, and 

e^aC 1 ) = a(a)-(^ dim01+dim92 ) 

for a £ A. Let 

q := \ dimgi + dimg 2 - 
We choose a £j(i^)-invariant inner product (•, •) on V and denote its associated 
norm by || • ||. 

For (6 S, the ^-height of x G X is defined as 

g g G, x = } . 



(2) ht^(x) := sup 



MO 11/ 



If g G G is represented as <? = £naA; with n G 2V, a G A and k £ K, then by 
definition 

_ i 



=a{a) - 

Hence this value only depends on the ^4-components of g when represented in 
£NAK(= G), of which we may think as an Iwasawa decomposition of G relative 
to £■ 

The height of x G X is 

ht(x) := maxj ht^(x) | £ G S}. 
For s > and £ G S we set 

X(£, s) := {x G X | ht^(x) > s} 

and 

(3) X >s := {x G X | ht(x) > s} = \J X(£, s). 

In the following we will see that the points in X(£, s) correspond to the elements 
in the Siegel set £Q(s,rj). To that end let B$ denote the open || • ||-ball in V 
with radius 5 > 0, centered at 0. We define 

8t(s) :=s-«\\vsq(01 
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Proposition 3.1 (Corollary 2.3 in [Dan84]). Let £ G 3, s > 0, and g € G. 
Then Tg G r\r£fi(s, 77) z/ and onZy if v^g(jg) G BsJs) f or some 7 G T. Further, 
if s> S\ and 71, 72 G T suc/i that v^g{^jg) G £?<5 f ( s ) /orj = 1,2, f/ien ^5(715) G 
{±^£(72fi0}- 

Thus 

x(e,s) = r\r^( s ,r/) 

for all £ G 3 and s > 0. If s > si, the supremum in (2) is attained. Moreover, 
by Proposition 2.1(iv), 

X(£,s)nX(£',s) = 

if £ 7^ £' £ 3. Hence the sets X(£, s) are then disjoint neighborhoods of the 
cusps of X, and the union in (3) is disjoint. 



4. Coordinate system for G 



The Lie algebra is the direct sum of a simple Lie algebra of rank 1 and 
a compact one. Since the height function is right-^(i^)-invariant and all fur- 
ther considerations are right-£»(X)-invariant, we can restrict to being simple. 
[CDKR91] and [CDKR98] provide a classification-free construction of all Rie- 
mannian symmetric spaces of noncompact type and rank one. Basal to this is 
the choice of a certain coordinate system for real simple Lie groups G of real 
rank 1, which allows to treat all these groups without refering to their classifica- 
tion. In the following we recall this coordinate system, the one for the associated 
symmetric spaces and some essential formulas. 

The semidirect product NA is parametrized by 

M> x 02 x 01 -> NA, (s, Z, X) i-> exp(Z + X) ■ a s 

such that a{a s ) = s. The action of a s = (s,0,0) G A on n = (1,Z,X) G N is 
then given by 

a s ii = (s, sZ, s l l 2 X). 

We define an inner product on n = 02 ® 0i as follows. Let be the Lie algebra 
of K. Let 6 be a Cartan involution of such that t is its 1-eigenspace. For 
X, Y G n we define 

(X,Y) := B{X,0Y) 

dmi0i + 4dim02 

where B is the Killing form of g. It is well-known that (•, •) is an inner product 
on n. As in [CDKR91, CDKR98], we identify G/K ^NA^ R >0 x 02 x Bl with 



D := { (t,Z,X) G M x 02 x 01 



t > l\ X \ 
4 

via 

^>o x 02 x 0i -> D 
(t,Z,X) ^ (t + \\X\ 2 ,Z,X). 

The action of an element s = (t s ,Z s ,X s ) G NA on a point p = (t p ,Z p , X p ) G D 
becomes 

s.p = (t s t p + l\x s \ 2 + ±iy 2 (x s ,x p >, Z s + t s Z p + \t l J 2 [X s ,X p ],X s + t l J 2 X p ). 
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These coordinates of G/K enable us to use [CDKR91, CDKR98], and they 
simplify some of the expressions below, in particular the one for the geodesic 
inversion. To state the geodesic inversion, we define the linear map J: 02 
End(fli), Z "->■ Jzi via 

(J Z X, Y) = (Z, [X, Y}) for all X, Y G fll . 
Then the geodesic inversion a of D at o := (1,0,0) is given by (see [CDKR98]) 

a(t, Z, X) = t2 ^ z? (*, ~Z, (-t + J Z )X) . 

We identify a with the element in K which acts as geodesic inversion. Then G 
has the Bruhat decomposition ([CDKR98, Theorem 6.4]) 

G = NAM U NAMaN. 

Multiplying this with from the left and a from the right, we get 

G = £NAMa U £NAMU 

with U ■= aNa. This decomposition provides a coordinate system on G adapted 
to the cusp £. The set £NAMa we call the small ^-Bruhat cell and £NAMU 
the big ^-Bruhat cell. 

The group M is parametrized by the pairs (<p, ip) consisting of orthogonal en- 
domorphisms ip on cj 2 resp. ip on gi such that ip(JzX) = J ip ^ijj(X) for all 
(Z, X) 6 02 X fli. The action of ((p, iji) G M on p = (t, Z,X) € D is given by 

(<p,i/>).p = (t,<p(Z),i/,(X)). 

By [CDKR98, Proposition 7.1], \ J Z X\ = \Z\\X\ for all Z £ q 2 , X £ q 1 . 



5. Variation of height 



Suppose the point x G X is of big height and its trajectory stays far out for some 
time. In this section, we provide non-trivial bounds on the unstable components 
of a group element g G G representing x. In Proposition 6.3 below, this bound 
culminates into contraints on the perturbation allowed of x without destroying 
the qualitative behavior of its trajectory during this time. 

Lemma 5.1. Let at,a r G A, m G M and n G N with n = (1,Z,X) such that 
amnat G Na r K. Then 

t 



(t + {\x\*y + \z\i 

Proof. By Iwasawa decomposition we know that amnat = n'a r k for suitable 
n' G N, k G K and r G M>o- Suppose that m = ((p,ip). Applying both amnat 
and n'a r k to the base point o = (1, 0, 0) in D, we find 

amnat ■ o = n'a r k • o = n'a r • o. 

In the coordinates of D one easily calculates that 

amnat ■ o = 

= u ; nvi^ ; , yl2 (* + il x ' 2 ' H - il^l 2 + J ^)) • 
(* + j + i^i 
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Suppose that n' = (1, Z',X'). Then 

n'a r -o = (r + l\X'\ 2 ,Z',X'). 

Thus 



-2(t + l\X\ 2 ) (iP(X),J AZ) iP(X)) 

\x\ 2 



(t + i|XP) 2 + |Z|2' 



and 



r = t + l ^ l\ X f = 5 □ 

(t+I|X|2) 2 + |Z|2 4 ( t+ l| X |2) 2 + |Z|2 

Lemma 5.2. Xei ( £ S and g £ G. If g = £na s ma with n £ N and m £ M, 

_i 

/ lbgg(gaf)lh 9 = £ 

If g = ^na s ma(l, Z, X)a with n G N and m 6 M, then 
f\\vtQ(gat)\\\~« _ j 



\ \\vzq(Q\\ J (i + i|x|2) 2 + |Z|2' 

Let us note that the first case corresponds to a trajectory pointing straight out 
of the cusp £. In the second case, the element u = a(l, Z,X)a determines the 
perturbation to the trajectory pointing straight into the cusp £. If (Z, X) = 
(0, 0), the second case correspond to a trajectory pointing straight into the cusp 
£, and the formula simplifies to 

uncoil J 

The effect of the perturbation for (2, X) 7^ (0,0) is given by the factor 

t' 2 



(i + i|X|2) 2 + |^ 



Proof of Lemma 5.2. At first we suppose that g = £na s ma. Then 
ga t = £na s / t mo = £na s/t C l £,mo- G {£NAC l ) (£K). 

Hence 
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Suppose now that g = £nma s u with u = an 1 a and n' = (1,Z,X). Then (for 
some m' G M) 

\\v£Q(gat)\\ = s~ q \\v£Q(£crm'n ; aa t )\\ = s~ q \\v^g(^am'n'ai/ t a)\\ 
= s~ q \\v^Q(Cam'n'a 1/t )\\. 

Lemma 5.1 yields 

am'n'aijt = n"a r k 

for some n" G N, k £ K and 

i 

„ _ t 



{\ + \\x?Y + \z\ 

Thus, 



□ 



The following proposition describes the amount of time a trajectory spends in 
a neighborhood of the cusp £. 

Proposition 5.3. Let £ G E and g £ G. Write 5 := ||^g(5)||. If g £ £NAMa, 
then v^g(ga t ) £ B$ if and only if t < 1. If g = ^na s mu G £NAMU with 
u = £7(1, Z, X)a, then v^g(ga t ) G if and only if 

If u = id, then (yg|X| 4 + \Z\ 2 ~) is to be understood as oo. 

Proof. The first part of the statement follows immediately from Lemma 5.2. 
Suppose now that g = ^nma s u with u = an' a and n' = (1, Z, X). By Lemma 5.2, 

(4) \WQ{ga r )\\ = ( J ) 8-*\\vte(t)l 

Applying (4) for r = 1 and r = t, we see that 

\\v^g(ga t )\\ < \\v£Q(g)\\ 

if and only if 



;i + i|X|2) 2 + |Z|2 (I + 1|X|2) 2 + |Z|2' 



which is equivalent to 

1\ / 1 1 



1 -l)l-I + Io |x|4 + |zn<a 



This is the case if and only if 



\ Z \ 2 + —\X\ 4 < - < 1 or \Z\ 2 + -\X\* > - > 1. 
1 16 1 1 t 11 16 1 1 t 



□ 
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Suppose that ||«£g(</at)|| = ||^i?(750t)|| for some g £ G, 7 G T and all t in a 
non-trivial interval (ie., an interval which contains at least two points). Then 
Lemma 5.2 yields that g and 75 have the same ^-component in £NAK and they 
are in the same £-Bruhat cell. If moreover, g and 75 are in the big £-Bruhat 
cell, then also the norms of their [/-components are equal. The following lemma 
shows that far out in the cusp much more is true. 

Lemma 5.4. Let £ G H and suppose that g £ G and 7 G T are such that 

HQ(g)\\ = Hq(79)\\ < <%( s i)- 
Then 7 G £NM£ . In particular, if g = £namo~ resp. g = £namu with n G N, 
a G A, m G M and u G U, then 75 = £n'am'cr resp. jg = ^n'am'u for some 
vl G N, ml G M. 

Proof. By [Dan84, Lemma 2.2] (see also Proposition 3.1), for each s > we 
have 

LgAsK = {<?gg| v^g(g) G B 5e(fl) } . 
Hence g,"fg G L^^j-ftT. By [Dan84, Remark 1.3] (with r\ as in Proposition 2.1), 

L^A Sl K = (T n L^nA Sl K. 
Hence there exist 71,72 G T D L^, h\,hi G r]A sl K such that 

9 = li£h 1 , 19 = 72^2 • 

Therefore 

g G 7i£0(si,77) n7 _1 72^(si,f?)- 
Proposition 2.1 (iv) yields 7 1 " 1 7~ 1 72 G £iVM£ L . Thus, 7 G £/VMf -1 . □ 

For the proof of the following proposition we recall that the supremum in the 
definition of ^-height (2) is realized if htf (x) > s\. 

Proposition 5.5. Let s > s\ and x G X. Suppose that there exists an interval 
I in R suc/i £/ia£ ht(xat) > s /or aZZ t £ I. Then there exists a unique cusp £ G S 
and a (non-unique) element g £ G with x = Tg such that 

/or aZZ i G /. Moreover, if 1 £ I and if there exists t G I u>ii/i f > 1 and 
ht(xa^) > ht(x), t/ien g = £na r mu for some r > 0, n G iV, m G M and 
u £ U. The elements a r and u do not depend on the choice of g. Finally, if 
u = cr(l, Z, X)a, then 

\X\ < 1t~ x ^ and \Z\ < t~ 1 / 2 . 

Proof. If y G X and £ G S such that ht^(y) > si, then there exists h £ G such 
that y = Th and 



Since the function 



^>0 



r ^ \\vze(gar)\\ 
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is continuous, there exists an open neighborhood J of 1 in IR>o such that 
ht^(ya r ) > s± for all r G J. For £ G S let 

:= {t G 7 | ht^(xaj) > s}. 

These sets are pairwise disjoint, open in / and cover I. Since I is connected, 
there exists a unique £ G S with I = J^. Thus 

ht(xaf) = ht^(xat) 

for all t € I. For each t G I pick an element gt € G such that x = Tg^ and 

ht,(*a<) = ^^V" 

Let Jt be the set of p G I such that 

ht^(xa p ) = 



Then / is covered by the sets Jt, and these are open in / by Proposition 3.1. If 
Jt and J r overlap for some t,r G /, t ^ r, then Lemma 5.4 and 5.2 imply that 
Jt = J r - In turn, Jt = I for each t G I. 

The remaining statements follow immediately from Proposition 5.3 and Lemma 5.4. 

□ 

6. Common cusp excursions of nearby points 
For s > we define 

<S \ *^>S' 

Further we let 

ro := a(a) > 1. 

Each connected component of X of height above s± can essentially be identified 
with a Siegel set (cf. Proposition 2.1). For the proof of the main theorem, 
trajectories of points x G X are only considered time-discretized by the map 
T. In the following lemma we construct a height level S2 above which we can 
identify pieces of these discretized trajectories with trajectory segments in a 
Siegel set. More specifically, as soon as we know that two consecutive points 
of the discretized trajectory stay above height s > S2, then the (continuous) 
trajectory segment of the corresponding geodesic also stays above height s and, 
in particular, does not visit the compact set X< Sl . Then we construct a second 
height level S3 > S2 such that any discretized trajectory entering X> S3 can locally 
be identified with a continuous trajectory segment in the Siegel set. In Section 8 
below this will be crucial to effectively determine the behavior of nearby starting 
trajectories. Of special importance for Section 7 below is the point (v) of the 
following lemma, which states that if we start to descent somewhere high in a 
cusp, then we actually descent up to below height S3. 

Lemma 6.1. There exist S3 > S2 > s\ such that we have the following proper- 
ties: 

(i) If x G X >S2; then ht(xat) > 2si for all t G [r^" 1 ,^]. 

(ii) If s > S2 and x,Tx G X >s , then ht(xat) > s for all t G [l,ro]. 
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(iii) Let s > S3. If x G X< S3 and T J x G X >s /or some j G N, then there 
exists n G {0, . . . , j — 1} suc/i Z/iaZ ht(T n x) < S3 and ht(xat) > S2 /or aZZ 
t€[rJS,fi]. 

(iv) Lei s > S3. If x £ X >s and T 3 x G X< S3 for some j G N, then there exists 
n G {1, . . . , j} such that ht(T n x) < S3 and ht(xat) > S2 for all t G [l,?"o]. 

(v) Let s > S3. // x G X >s and Tx G X< s , Z/ien Z/iere exists n G N suc/i t/iat 
T n x G X< S3 and T fc x G X< s /or all k = 1, . . . ,n. 

Proof. Choose S4 > 2rgSi. Let x G X >S4 . At first we prove that xat G X>2 Sl for 
all Z G [tq , ro]. Since S4 > si, there exist a unique £ G S and an element g G G 
such that x = and 



ht(x) = ht^(x) = 
For all t G [r^ we have 

ht(xa t ) > ht^(xa t ) > 
In the following we show that 



kgg(g)ll V 

\v^)\\) 



vtQ(Z)\\ 

vtQ{ga t )\\\~ 7 ' 



1 

> 2si 



MO II 

for all t G [rn ,tq]. To that end we distinguish two cases for the form of g. 
At first suppose that g = ^na s ma with n G N , m G M. Then (see Lemma 5.2) 

^11^0(504)11 _ s 

From 



ll^o(ff)lh 



1 

= S > S4 



it follows that 



l^g(gQt) II A ' s 4 s 4 

"7T /mm > — > — > 2si 

for all t G \tq ,ro]. Now suppose that g = £na s ma(l, Z, X)a with n G N, 
m G M. Lemma 5.2 states that 



\^g{ga t )\\\ 1 



HeiOW J (i + i|x| 2 ) 2 + |z| 



Since 



we have 



Ng(g)lh 9 = s I 

heiOWJ ' (i + i|x|2) 2 + |z|2 



> S4, 



\v,g( 9 a t )\\Y^ > s 1 > £4 > ^ 



||^(£)|| J (1+ 1|X|2) 2 + |Z|2 Z 
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for all t G [l,ro]. Further one easily shows that 

(l + l\X\ 2 ) 2 + \Z\ 2 1 



> 



(r + ||X|2) 2 + |Zl2 rT 



For all t G [r 1 , 1] it follows that 

\vsQ(gat)\\Y* _ 1 > S4 (1 + 1|X| 2 ) 2 + |Z| 



> s 4 • 4 ; 9 > 4 > 2si. 

r 



(r + i|X|2)^ + |Z|2 
This proves the claim. We pick any S2 > S4. Then property (i) follows. 

We now show that (ii) is satisfied als well. So suppose that s > S2 and x, Tx G 
X >s . From (i) it follows that 

ht(xa t ) > 2s\ 

for all t G [1,to]- Thus, by Proposition 5.5 we find a unique ( £ H and some 
g G G such that Tg = x and 



ht(xaj) 



IMC0II 

for all t G [l,ro]. We will show that ht(xaj) > ht(x) or ht(xaj) > ht(Tx) for all 
i G [l,ro], which implies (ii). Suppose first that g = ^na r ma for some n G N, 
r > and m G M. By Lemma 5.2 we have 

T 

ht(xa t ) = - 

for all t G [l,ro]. Thus, 

ht(xa t ) > ht(Tx) for all t G [l,r ]. 

Suppose now that g = £na r ma(l, Z, X)a for some n, (1,Z,X) G iV, r > and 
m G M. By Lemma 5.2 

ht(xat) = r • . 

(t-l + i|X|2) 2 + |Z| 2 

Let t G (1, To]. Straightforward calculations show that ht(xat) > ht(x) if and 
only if 

(5) ' - whw 

Thus, in particular, if we suppose ht(Tx) > ht(x), then 

1 



ro - ±\ X \±+\zr 

and, a fortiori, (5) is satisfied for all t G (l,ro]. Analogously, for t G [l,J"o), 
ht(xaj) > ht(Tx) if and only if 

(6) ** wfm - 
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Assuming ht(Tx) > ht(x) implies 

1 > 



Te\X\ 4 + \Z\ 2 '' 



and thus (6) is fullfilled for all t G [l,r ). This proves (ii). 

Choose S3 > TqS2- Let s > S3 and suppose that x G X >s and Tx G X< s . Our 
previous consideration (with S2 instead of 2si, and S3 instead of S2) shows that 
Tx G X >S2 . Let ra G N be maximal such that T k x G X >S2 f° r = 1, . . . , ra. In 
the following we prove that T n x G X< S3 and T k x G X< s for A; = 1, . . . , ra. By 
our previous consideration, ht(xat) > S2(> si) for all t G [l,?"g]. Proposition 5.5 
shows that there exist a unique £ G S and an element g £ G such that 2 = 
and 

_i 

Rg(fl Q t)lh q 

imoii ) 

for all t G [1,Tq]. If 5 = ^na s ma with n G iV and m G M, then the map 
t 1— > ht(xa() is strictly monotone decreasing on the interval [1,Tq]. Hence, in 
this case, T k x G X< s for all k = 1, . . . , n. If 5 = £na s ma"(l, Z, X)a with n G N 
and m G M, then the map i 1— )■ ht(xai) is strictly monotone increasing on 

and strictly monotone decreasing on 

I:=((±\X\* + \Z\r 1/2 ,rZ 

From ht(Tx) < ht(x) it follows that r$ G /. Hence T k x G X< s for all k = 
l,...,n. Assume that T n x G X >S3 . The proof of (i) yields T n+1 x G X> S2 , 
which contradicts to the definition of n. Thus T n x G X< S3 . This proves (v) 
and, in combination with (i) and (ii), also (iv). 

Suppose that x G X >s and T~ l x G X< s . Let n G N be maximal such that 
T~ k x G X >S2 for k = 1, . . . ,n. As before we see that T~ n x G X< S3 . Then (iii) 
follows immediately. □ 



Given a point x G X whose orbit stays near the cusp £ for the next S steps, 
Proposition 6.3 below provides non-trivial contraints on small perturbations of 
x which do not destroy the qualitative behavior of the orbit for these next S 
steps. The following lemma is needed for its proof. 

Lemma 6.2. Let D u be a bounded subset ofU. Let £ G S and g = £na r mu G G 
with nEN,a r EA,mEM and u = a(l, Z, X)a G D u . Suppose that 

( \\v(lq{9<h)\\ X~* y ( hne{g)\\ \~ q 

for some t > 1 and A > 0. Then there exist C\,C2 > 0, only depending on D u 
and A, such that 

\X\ < cii" 1/4 and \Z\ < c 2 t~ 1/2 . 
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Proof. For A > 1, the statement is already proven in Proposition 5.5. So suppose 
1 > A > 0. Invoking Lemma 5.2 we find 



1 1, 



(7) 

Thus, 



t ■ 4' 
For t > A -1 , it follows 



t 



Therefore, 



\Z\ 



< 



1 



\z\ 



t 4 1 1 



\X\ 2 < 4 



< A 



-i 



l + 7l*| 2 
4 



(tX' 1 )^ - 1 



t~3. 



t2 — A 2 

Hence, for t > A" 1 + s, any (fixed) e > 0, we have 

|X| < cit"3 

for some constant c\ > 0. Since |X| is bounded, by possibly choosing a larger 
ci, this estimate holds for all t > 1. To deduce the bound for |Z| we note that 
(7) yields 

2 /ii \ 2 



(t-A-W^-^i + ^l 2 ) -*(7 + ll x l 2 )' 



<A- 1 + |(A- 1 



4 4 
-, n 1 Ci._i._l i Ci 3 

l)i"2 + — !-A _ i" 1 Lp. 

y 16 16 



Suppose that t > A 1 + e for some e > 0. Then 



\Z\ 2 < 



d x U + c/ 2 i i + 4* * + c^ -1 + c 5^-i 



1 - (tA)-i 

with some constants C^,...,Cg such that d x < 0. The factor before i _1 is 
bounded. Thus, 

\Z\ < c 2 t~^ 

for some constant c 2 > 0. As before, since \Z\ is bounded, this estimate holds 
for all i > 1 after possibly choosing a larger c-i- This completes the proof. □ 

Let d be any left-G-invariant metric on G. For r > let denote the open 
c?-ball in G centered at the identity of G. For n > let D R denote the subset of 
U consisting of the elements u = a(l, Z,X)a with \Z\ < n and \X\ < k, and let 
D NAM --B^n NAM. Further let 

(8) D K := D U R D N K AM . 

Clearly, D K is open. We choose k > such that for all h £ D K 



(9) 



||e(/»)||,||_(Oll<(- 

«2 
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Proposition 6.3. There exist 03,04 > such that the following holds: Let 
x G X, S G N, h G D^D^ AM be such that ht(T^x) > s 2 and ht(T^(xh)) > s 2 
for j = 0,...,S, ht(T s x) > ht(x) and ht(T s (xh)) > ht(x/i). Suppose that 
h = <r(l, Z, X)o~na r m. Then 

\X\ < C3r S ' 4 and |Z| < c^r^ S ^ 2 . 

Proof. By Lemma 6.1 we have ht(xat) > s 2 and ht(xha t ) > s 2 for all t G [l,?o]- 
Since s 2 > s±, Proposition 5.5 shows that there exist a unique cusp £ G 3 and 
an element g G G such that x = Tg and 



ht(xat) 



for all t G [l,rg]- Moreover, there exist a unique cusp £1 G H and an element 
gi £ G such that x/i = Tgi/i and 



11^(6)11 

for all t G [1, rg]. In the following we show that £ = £1 and that we can choose 
gi = g. We have 

\\v^g(gha t )\\ = \\v^g(ga t a t -iha t )\\ < \\v^g(ga t )\\ • \\g{a t -iha t )\\. 

Now, a t -ihat G for i near 1, say in the non-trivial interval /. By (9), for 
t £ I this yields 

\\g(a t -iha t )\\< (g) 

Thus, for t € I, 

\\v^g(gha t )\\ < \\v^g(ga t )\\ f^j < f^j s^ q \\v^g(S,)\\ 
^IMOII- 

Hence, for t G I, 

vtjQ{ghat)\\ \~* 

\hg(0\\ J 

The uniqueness of £1 yields £1 = £. Moreover, we can choose gi = g for t £ I. 
As in the proof of Proposition 5.5, we see that we can choose g\ = g for all 
t G [l,rf]. 

Proposition 5.5 shows that g G ^NAMU, say 5 = £n4a ri miiti with ui = 
a(l, Zi, Xi)a, and that 

(10) |Xi|<2r~ 5/4 and \Z 1 \<r~ S/2 . 

Suppose that h = u 2 n^a r2 m 2 and set h 2 := n^,a r2 m 2 . Then 

11^^(5^)11 = \\v^g(gu 2 h 2 )\\ < \\v{.g(gu 2 )\\\\g(h 2 )\\ < \\v^g(gu 2 )\\ 
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and 



\v^g(gu 2 a )|| = \\v^g(gha a h 2 a 1 " 



< ll^^a 5 )!!!!^- 5 ^" 1 ^)!! < \hg(gha s )\\ ( - 



This yields 



f\\v^(gu 2 a s )\\\ * > £i n\v^(gha s )\\ \ * = *l htf ^ 



V K^OOII / s 2 V 11^(611 / s 2 



s 2 S 2 V IK^OH / 



> 

Let u 2 = a(l, Z 2 , X 2 )a. Then 



si\ 2 f\\v^Q(gu 2 )\\\ " 



S2J V 11^^(011 



u 1 u 2 = a(l,Z 1 + Z 2 + ^[X 1 ,X 2 ],X 1 +X 2 )a. 

From (10) and u 2 € it follows that 

\X!+X 2 \ < |Xi| + |X 2 | <2 + k. 

Moreover, using triangle inequality and [PohlO, Lemma 2.12, Proposition 3.3] 
we find 

\Z 1 + Z 2 + ^[X 1 ,X 2 }\ < \Z 1 \ + \Z 2 \ + ^\X 1 \\X 2 \<1 + 2k. 

Thus, u\u 2 is contained in the bounded set D2 +2k - Note that this set only 
depends on k. Then Lemma 6.2 gives 

\X 1 +X 2 \ < cir~ S/4 and \Z l +Z 2 + \[X 1 , X 2 ] \ < c 2 r~ S/2 , 
where the constants c\,c 2 only depend on s\,s 2 and k. It follows that 



\X 2 \ <c 1 r 5/4 + |X 1 | < ( Cl +2)r S/4 



and 



\z 2 \ < \z 1 + z 2 + ^[x 1 ,x 2 ]\ + \z 1 \ + l\x 1 \\x 2 \ 

<c 2 r~ S/2 + r~ S/2 + (c 1+ 2)r~ S/2 . 
This completes the proof. □ 



7. Estimate of metric entropy and main theorem 



In this section we prove the main theorem. This section can be understood inde- 
pendently from the previous ones if the reader is willing to accept the following 
facts previously proven: The height level S3 is chosen such that the connected 
parts of X >S . A (thus, cuspidal ends of uniform "length") can be identified with 
(r n P)\C, where C is the cylindrical set C = ^A Sz NK at the cusp £ of the 
considered end and P is the corresponding minimal parabolic subgroup in G. 
In particular, this means that connected parts of geodesic trajectories in X >S3 



18 



M. EINSIEDLER, S. KADYROV, AND A. POHL 



can be identified with any representing geodesic trajectories in C. As a con- 
sequence we know (see Lemma 6.1) that (discretized) geodesic trajectories in 
X >S3 which start to move out of the cusp actually descend to below height level 
S3, and geodesies in X which move from one of these cuspidal ends to another 
one necessarily have to pass through the compact part X< S3 . Moreover, if two 
nearby points x, xh in X (h G G) stay together near a cusp (meaning in the 
same connected component of X >S3 ) for time t, then the unstable component of 
h is restricted (up to a multiplicative constant) by t~ 1 / 2 in the direction of the 
long root and by i _1//4 in the direction of the short root (see Proposition 6.3). 

We first recall how to calculate the maximal metric entropy of T. Set p\ := 
dim 0i, P2 '■= dimg2 and recall that 

Proposition 7.1. The maximal metric entropy of T exists. It is 

h m {T) = (y +p 2 ) logr . 

Proof. The statement follows from a combination of the proposition in Sec- 
tion 9.3 in [MT94] and Lemma 9.5 and Proposition 9.6 in [MT94]. If G is 
algebraic, a more accessible reference is [EL10, Theorem 7.6]. Note that 



log det (Ad a | _ 100 _ 2 ) = (^+P2j logr . 



Let s > S3 and L G N. Let 77 be a finite partition of X of the form 

7] = {X> s , X> S3 n X< s , .Pi, ... , P r } 
with Pj C X< S3 for i = 1, . . . , r. For any P G t)q = T~^r) we define 
(11) V P :={j e{0,...,L-l}\ P?a >8 }. 



□ 



Let A be such that roA is less than the injectivity radius of X< S3 . We define 

L-l 

B L := P| diB^a-i. 
3=0 

Any subset of X of the form 

xB L 

with x G X is called a (forward) Bowen L-ball. In Lemma 7.3 below we will 
estimate how many Bowen L-balls are needed to cover P G t]q for certain parti- 
tions r) and P C X< S3 . Using the work of Brin and Katok [BK83] we will relate 
this estimate to the measure theoretic entropy. 

From now on we assume that k in (8) is chosen such that D K C B9. Then 

~L~l n {/ — (L-l) j^NAM r- r> 

a D K a v >D K C B L . 

Therefore it suffices to estimate how many sets of the form xa L ~ l D^a~^ L ~^ D^ AM 
are needed to cover P to get an estimate on a sufficient number of Bowen L-balls. 
A set of the form 

will be called L-box with center x. 



;a L - l DYa-( L -VD? AM 
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Lemma 7.2. Let s > S3. Then there exists n max G N such that whenever 
x G X >s satisfies Tx, . . . , T n x G X< s n X >S3 , then n < n max . 

Proof. Let x G X >s be as in the statement of the lemma. Lemma 6.1 and 
Proposition 5.5 show that there is a unique £ G H and some g £ G such that 
r<7 = 2; and 

_ 1 

\ v tQ(9<H)\\\ q 



for i G [1 , rg ] - We suppose first that g = ^na r ma for some n G iV, r > and 
me M. Then 



for i G [l,ro]- Therefore 



This and 



yield 



r 

ht(xa t ) = - 



s > hk(Tx) = — • 
^0 

ht(T"x) = ^>s 3 



log log ^ 



log r log r 

Now we suppose that 5 = £raa r m<7(l, Z, X)o~ for some n, (1, Z, X) G iV, r > 
and m G M. For t G [1, r^\ we have 

htlxa/) = r • o . 

(t-l + i|X|2) 2 + |ZP 

Then ht(xat) > S3 is equivalent to 

(12) > (t~ l - A_) (r 1 - A+) 

where 



* 2 V2 1 ' S 3/ / V 4 V 2 «/ vw 

Since ht(x) > S3, (12) is satisfied at least for t = 1. Therefore, the roots A± are 
real and 

A+ > 1 > A_. 

From A+ > 1 it follows that 

2 \s 3 2 1 1 J 
In turn, A_ > 0. Now ht(T n x) > S3 implies 



! 2 V s 3 2 

rj? < a: 1 



_ ~ U x ^+\ z \ 2 



From s > ht(Tx) it follows that 



r < tqs 
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Therefore 

(r^ + \\Xf) 2 + \Z\* 

~ S3 ^|X|4 + |Z|2 

= ± r^ + llXl 2 r s 

S 3 ' ^\X\* + \Z\ 2 S 3 ' 

From ht(x) > ht(Tx), a straightforward deduction yields 

^\X\* + \Zf>r^. 

Hence, 

r^ + h\X\ 2 



is bounded from above (independent of x), and so is A_ . This completes the 
proof. □ 

In the following, for s' > s > S3 we define various numbers which vary with s 
and s'. 

Let £ denote the maximal number of T-steps between X> s and X< S3 , that is, 

£ := max{/c G N | 3 x G X >s : Tx, . . . , T k x G X >S:j n X< s , T k+1 x G X< S J. 

We note that this maximum exists by Lemma 7.2. It equals the maximal number 
of T-steps between X< S3 and X >s in the sense that 

t := max{k G N | 3 x G X< S3 : Tx, . . . , T k x G X >S3 n X< s , T fc+1 x G X >s }, 

which follows since all sets of the form X<t or X>t are invariant under a and 
since aaa = o _1 . We note that the maximal amount of time a trajectory can 
spend continuously within X >S3 n X< s is then bounded by 2£ + 5 (corresponding 
to a trajectory that reaches about height s and then returns to X< S3 ), i.e. that 

max{A; G N | 3x: x, Tx,..., T k x G X >S3 n X< s } < 21 + 5 

We define £' in the same way using s' in place of s. 

For the statement of the following lemma we remark that X< s is compact by 
[Dan84, p. 27]. For shortness we use the notation 

[m, n) := {to, m + 1, . . . , n — 1} 

for an interval of integer points with endpoints to < n G N. 

An interval k + [0, K) C [0, L) of a trajectory of a set P G T)q is said to be an 
excursion into X >s (of length if) if 

T M PCI< S) T k P,...,T k+K ~ l P X >s , 

and either T fc+ ^P C X< s or k + if = L. 

Clearly, Vp is a union of intervals which are excursions into X >s . 

Lemma 7.3. Let s' > s > S3 and define £,£' as above. Let X' > be such 
that vqX' is less than the injectivity radius on X< s / and that By C D K . Sup- 
pose that r] = {X >s , X >S3 n X< s , Pi, ... , P r } is a finite partition of X such that 
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diamT-^p) < A' for each j = 1, . . . , 2£' + 5 and i = 1, . . . , r. Then for each 
L G N and PeijJ mi/i P C X< S3 £/je se£ P can 6e covered by 

c m e h m {T)lm e \h m {T)\V P \ 

Bowen L-balls. Here the constant c only depends on the group G and the action 
T, and m is the number of excursions of P into X >s / . 

We note that while the partition is (in a strong way) adapted to the heights 
s, s', our definition of Bowen L-ball does not depend on s, s' - we only insist 
that the radius used in the definition is less than the injectivity radius on X< S3 . 

Proof. Let P G t]q with P C X< S3 . Let V ■= Vp. We decompose V into a 
disjoint union 

mi 

(13) V = |J Vi 

i=i 

= [h,ki + Kx) U . . . U [k mi ,k mi + K mi ) 

where each Vi is an excursion into X >s , i.e. a maximal subset of V of the form 
[hi, h + Ki). We may suppose that k\ < &2 < • • • < k mi . 

We note that each excursion Vi into X >s is contained in an excursion Vi C 
[jfei - fci + + £) into X >S3 . We define V = \JT=\ % Finally we define V as 
the union of all excursions Vi that contain excursions into X >s /. Below we wish 
to treat these intervals by using the assumption of the lemma only. 

Analogously, we decompose W := [0, L) \ V into a disjoint union 

m+l 

W=[jWj 

3=1 

where each Wj is a maximal subset of W of the form [lj , lj + Lj ) with = 
h < h < • • • < lm+i- The set W m +i might be empty. Also let us define Vj = 
[rij, rij + hj) for j = 1, . . . , m as those intervals from the list Vi for i = 1, . . . , mi 
that contain excursions into X >s / and assume n\ < ri2 < ■ ■ ■ < n m . 



Vi 





Figure 1. One possible situation 

The step corresponding to Wj: Note first that even though an interval Wj = 
[lj,lj + Lj) may contain one or many excursions into X >s , it does not contain 
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Vi 



ViCV 

32 :' - — 



Figure 2. The other possible situation 



an excursion into X >s '. Each of the excursions into X >s is of length at most 
W + 5. 

Suppose now inductively that we have already found (at most) 
(14) c 7-i e !MT)|Viu-»uv5_i| 

lj + 1-boxes with center in P whose union contains the given element P G t/q . 
Here c is an absolute constant (depending only on G, T, S3 but not on s or s'), 
which we determine below. If j = 1, and hence lj = 0, this is a trivial claim as 
the diameter of P is assumed to be quite small. 

The choice of A', £' and r\ implies that any element Q G r/ with Q C X< S3 is 
contained in 



(15) w p| ffB^a 



i=0 



for k <2f + 5 and for any w G Q as long as Q, T{Q), . . . ,T k (Q) C X< s /. A 
simple induction shows that Q G t?q belongs to the "small" Bowen L'-ball (15) 
with k = L' — 1 if it is known that Q, T(Q), . . . , T L '~ 1 {Q) C X< s /. This applies 
to Q = T'j (P) and L' = and shows that (P) is contained in 



(16) w p| tfB^a 



for any 10 G T l J(P). Set now := a l W^aT l i D^ AM and let xP be one of the 
sets used in (14). Set w := xd^ . From xa lj G X< S3 and the choice of A' it follows 
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that 

PDxB 



8=0 



a lJ 



= x 

Note that nj = lj + Lj, which is the starting point of Vj for j < m. Thus, P is 
covered by at most 

(17) c 7-i e iMT)|Viu.»uvi_i| 
many n^-boxes with center in P. 

The step corresponding to Vj: Suppose now inductively that we have already 
found (17)-many re^-boxes with center in P that cover P. Set 

B := aV^D^a-to-VD^ 
and let xB be any rij-box used in this covering. Define 



E := \ y 6 xB 



T n J- l y G X< sa ,T n iy, . . ..^^j, G X >S3 } . 



Then P n xB C E. If y € E, then there exists g & B with y = xy. Say 
g = a n i- 1 a(l,Z,X)aar^-^na r m. Set x' := T n j~ l x and y' := T n ->~ 1 y. Then 
y' = x'/i with 

h := ar( n *~ 1 ') gaP" 1 = Z, X)an' a r m 
and n' := a - ^ -1 )^™*' -1 . Recall that 



Thus /i 6 D^D^ AM . Moreover 



>S2 J 



^x , . . . , T ^ x G DC^> 5 3 ? x G DC^^^ Pi DC 
Ty', . . . ,TV G X >S3 , y' G X< s , n X >S2 . 
Applying Proposition 6.3 to x', y' shows that 



\Z\ < C4r Q ftj ^ 2 and \X\ < c^r Q h ^ A \ 



Now 



[a{l,Z,X)a \ \Z\<c 4 r h > /2 , \X\ < c 3 r h ' /4 } 
can be covered with 

(2fr v T . . (2 ^ T 

[/-translates of a hj DlJa h i . Further, if 

Q:=Pr\z~a k D u K ~a- k D* AM 

for some k G N and some z£l, then Q is covered by a finite number of sets 
of the form ya k D^a~ k D^ AM with y G P. The number of necessary sets is 
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bounded by a constant, say C5, independent of j, P and z. Hence we need at 
most 

(rij + /ij)-boxes with center in P to cover P n X-B. Combining this with the 
inductive assumption we get that P is contained in at most 

cJ'elM^IViU-uyjl 

many L_|_i + 1-boxes (where Zj+i = + hj). This concludes the induction. 

Finally note that either (14) for j = m (if W m +\ = 0) or (17) for j = m + 1 
gives the conclusion of the proposition since \Vk\ is at most by 21 bigger than 
the corresponding \ Vi\. □ 

Proposition 7.4. For all s > S3 i/iere exists a finite partition r/ = {X >s , X >S3 n 
X< s , Pi, . . . , P r } ofX such that for each T -invariant probability measure fj, on X 
we have 

K{T) < hp(T, r,) + ± + \h m (T) (1 - /x(X< s )) . 

Proof. Using the ergodic decomposition of invariant measures we may restrict 
to ergodic and invariant measures. Also note that every T-orbit visits X< S3 
(Lemma 6.1(v), which also holds for T _1 in place of T), so that we must have 
5\ := ju(X< S3 ) > 0. Let s' > s. Define i as above and let 



min < k £ N 



Let 77 = {X> s , X >S3 n X< s , Pi, ... , P r } be as in Lemma 7.3. 

We will show the proposition using [BK83], more precisely in the form of 
Lemma B.2 in [ELMV]: There it is shown that the entropy of fj, is the limit 
as k — y of 

r log N K (5,L) 
lim sup , 

L->oo L 

where N K (5, L) is the minimal number of Bowen L-balls, with k being the radius 
used in the definition, that are needed to cover at least a set of //-measure 8 for 
some 5 > 0. However, there is one important difference between our definition 
of Bowen L-balls and that of [BK83]. In the latter, one takes the intersections 
of pre-images of K-balls within X. In our definition of Bowen L-ball we took 
the intersection in the group, which results in general in a smaller set (namely 
in those cases where the orbit ventures near the cusp). As we are seeking an 
upper bound of entropy, we may use [BK83] also together with our definition of 
Bowen L-balls. This has the advantage that we do not have to take the limit 
as k — Y 0. Within the group a bounded number of translates of Bowen L-balls 
defined by k > can be used to cover a Bowen L-ball defined by k' > 0, and as 
L — > 00 this difference becomes unimportant. 

By ergodicity Uj^=o r~ J X< S3 has measure one, and so there exists M with 



, M-l 
V 5=0 



U rt <*a)>l-t 
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The intersection of the preimage of this set under T L ' with X< S3 has measure 
at least S\/2. It follows that there are infinitely many L (of the form V + j for 
some j G [0, M)) for which 

Li(X< ss C\T~ X< S3 ) > 

We now proceed making Yi = X< S3 n T~ L X< S& smaller, taking care that the 
resulting sets have measures that do not approach zero, and obtaining more 
information on the smaller sets. 

Since fi is ergodic the number h^(T,i]) has the following interpretation: for 
every e > and every sufficiently large L there exists a set Zl^ such that its 
measure is bigger than 1 — e and Zl )€ can be covered by at most e^ h ^ T,r! ^ +e ^ L 
many elements of t]q. We choose e = min(^,^j), and take the intersection 
Y' l = YlC\ Zl,6- We now know that /u(Y£) > j^j and that Y' L can be covered by 
at most e^ h ^ T ^ + ^ L many elements of t/q . 

Finally, we may make Y' L again a bit smaller to ensure that the ergodic averages 
for the characteristic function X >s are correct up to an error of (3s/i m (T))~ 1 and 
for sufficiently large L. More precisely there exists a subset Y£ C Y' l (obtained 
by intersecting Y' L with a set of near full measure) with n(Y^) > 5 = and 
some Lq such that for all L > Lq and all x G Y'J we have 

L-l 

I Exx> s (^)- M (x >s ) 

Now apply Lemma 7.3 to each of the partition elements of t/q obtained earlier. 
Notice that for each of the partition elements we have m < jh- Finally, notice 
that the above ergodic sum is constant on each P G t]q . For those P that 
intersect Y'l we then have \Vp\ < (fi(X >s ) + 3gfe 1 (-r) )L. Using this together with 
the above it follows that Y£ can be covered by A^-many Bowen L-balls with 

N L < e ( h AT,v)+^)L( ce h m (T)£^ e ±h m (T)v(X >a )L+±L_ 

Choose s' so big such that jn <\- This implies the proposition. □ 

Theorem 7.5. Let (/ij) be a sequence of T -invariant probability measures on X 
which converges to the measure v. Then 

v(X)h_v(T) + \h m (T){\ - v{X)) > limsup^.(T), 

where it does not matter how we interprete h » (T) if v{X) = 0. 

Proof. Pick s > S3 such that z/(<9X< s ) = (this holds for Lebesgue almost all s). 
Let 77 = {X >s , X >S3 n X< s , Pi, ... , P r } be a partition of X as in Proposition 7.4 
such that v{dPj) = for j = 1, . . . , r. Let e > 0. For m G N set 

m— 1 
k=0 

Suppose now that v(X) > 0. Fix m G N such that 

hu(T)+e>-Hu(3 m ) 



1 

3sh m (T)' 
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2e 



< - and 
m 2 



1 



m 



log v(X) < e. 



P€3 ro 



Note that this holds trivially if i/(X) = 0. 
Let 



m— 1 



Q := p| T~ fc X >s . 



fc=0 



Since 



53 H(p)io g ^(p) J ^ 53 v(p)kgv(p), 

P€S m \{Q} P6H m \{Q} 

we find jo E N such that for all j > jo we have 



- £ u{P)\ogu{P) - -H H ( 



1 

< — 

m 



^ (^(P) log Mj -(P) - log V(P)) 

Pes m \{Q} 

+ — (Q) log ^ (Q) - i/(Q) log i/(Q) | 

e 2^ 

< o + < e - 

z m 

This and Proposition 7.4 yield 

i/(X)fc (T) + 3e > -ff M ,(H m ) > V (r,77) 

y(X) m 



Hence 



> h H (T) - i - ±/i m (T) • (1 - Mj(X< s )). 



(X)/i_^(T) + \h m {T) ■ (1 - z/(X< s )) + 3e + i > lim sup (T). 



j->-oo 



Letting e tend to and s tend to infinity, it follows 

v(X)h*(T) + \h m (T) ■ (1 - i/(X)) > lim sup h N (T). 



□ 



An immediate consequence of Theorem 7.5 is the following result about escape 
of mass. 

Corollary 7.6. Let (Atj )jeN be a sequence of T -invariant probability measures 
on X such that lim inf n ^.oo h^. (T) > c. Let v be any weak* accumulation point 
of (nj). Then 
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Moreover, if 

u(X) = - 1 > 0, 

h m (T) 

then h_K r) (T)=h m {T). 

8. HAUSDORFF DIMENSION OF ORBITS MISSING A FIXED OPEN SUBSET 

In this section we provide an application of Theorem 7.5 and the methods for its 
proof to answer a question by Barak Weiss about the Hausdorff dimension of the 
set of all orbits which miss a fixed open subset of X. We note that for a compact 
quotient this is a simple corollary of semi-continuity of entropy and uniqueness 
of the measure of maximal entropy. In the presense of cusps the methods of this 
paper become relevant. We also note that related results have been obtained 
by Shi [Shi] but to our knowledge these do not provide the following results as 
corollaries. 

Let C X be a non-empty open subset. Let £ denote the set of points in X 
whose forward- ^-orbits do not intersect 0, that is 

£ := {x e X | V* > 0: xa t 0}. 

In the following we will show that £ cannot have full Hausdorff dimension. 

Theorem 8.1. We have 

dim// £ < dim// X. 

Instead of Theorem 8.1 we will prove a (stronger) discretized version. To that 
end let 

denote the time-one (discrete) geodesic flow. Note that then the maximal metric 
entropy is 

h m (T) = — +P2- 

We consider the set 

£' := {x G X | Vn G N : T n x £ 0}. 
Then Theorem 8.1 is implied by 
Theorem 8.2. We have 

dim// £' < dim// X. 

of which we will provide a proof in the following. The strategy for its proof is 
as follows: We cover £' by countably many (small) open sets, say by B n ,n G N, 
and estimate the Hausdorff dimension of each of the sets 

W n := E'nB n . 

By countably stability of Hausdorff dimension we have 

dim// £' = supjdim// W n | n G N}. 

Thus, we have to show that 

dim// W n < dim// X — Eq 
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for some Eq > not depending on n £ N. To seek a contradiction we assume 
that for (a sequence of) arbitrarily small £o > we find a set W = W(eo) among 
the sets W n such that 

d := dim// W = dim// X — Eq, 

For any 5 G (0, d), Frostman's Lemma assures the existence of a probability 
measure /ionW such that 

(18) ti* B ?) < crd ~ 5 

for any x £ X and any r > 0, with a constant c only depending on [i and W. 
Then we will estimate the number of L-boxes (or Bowen L-balls) needed at most 
to cover W as well as the /U-mass of an L-box. Bounding the /i-mass of W (which 
is 1) via these L-boxes will result in a contradiction. 

We start by choosing a good value for 5. Let Mi(X) T denote the space of 
T-invariant probability measures on X. 

Lemma 8.3. There exists 5q > such that 

sup{h u (T) | v £ Mi(X) T , suppz^ C £'} = h m (T) — So- 
Proof. To seek a contradiction assume that there exists a sequence (e n )neN 
of positive numbers with lime n = and a sequence (^ n )neN in Mi(X) T with 
supp u n C £' for each n £ N such that 

h v n (T) = h m (T) - e n . 

Let v be any weak* limit point of (v n ). Then suppz^ C £'. Since liminf h Un (T) = 
h m (T), Corollary 7.6 yields v(X) = 1 and h u (T) = h m (T). Thus, v is the Haar 
measure on X and hence supp v = X. This is a contradiction. □ 

As exponent 5 in (18) we choose 
We pick a weak* limit v of 

1 L ~ X 

— ^ Tin as L oo. 

3=0 

Then v is T-invariant and ^(0) = 0. For sufficiently small Eq, we see that 
v(X) > (see Proposition 8.7 below). Then Lemma 8.3 shows 

h_j_(T) < h m (T) - 5 . 

Our next goal is to derive a lower bound for v(X). 

Lemma 8.4. For any r > ; any x £ X and any L £ N we have 

^{xa L e D^a~ L D? AM ) < cr^ e ir h ^^) L , 
where the constant c is possibly slightly bigger than in (18). 
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Proof. Let r > and x G X. Recall the definition of D r from (8). The ball 
xB G is covered by finitely many boxes yD r (y G X), where this number only 
depends on the geometry of G and the norm chosen for the definition of B G . 
The constant in the subhomogeneity property of the Frostman measure \x may 
be modified with this finite number. Without loss of generality we may assume 
that B^ = D r . We have 

a L e D u r a~ L = {<t(1, Z, X)a \Z\ < re~ L , \X\ < re~^ L } . 

Thus, a^D^a~ L is covered by at most 2 dimU e^ L translates of D^ e _ L . Fur- 
ther, D^ e _ L D^ AM is covered by at most 2 dim ( ArAM ) e dim ( ArAM )- L translates of 
D v T& _ L D™ A f . In total, a L e D v r a~ L AM is covered by at most 

2<limG e (^+dimJVAM)X 

translates oiD re -L. Thus 

v(xa L e DV a - L D? AM ) < 2 d ™ G e(^ +dimNAM ) L v(xD re - L ) 

< cr d- s -i e (^+ dimNAM ~ d +^) L 

< C r d - S -Te(- hm(T)+eo+S -£ )L . 

Here we modified the constant of the Frostman measure \i by 2 dimG . This 
completes the proof. □ 

For LeI.a subset V C [0, L — 1] and s > we set 

Z S , L (V) := {x G W n X< s | V j G [0, L - 1] : (Fx £% >s ^j£V)}. 



Lemma 8.5. Let s > S3 and 



21og 1 — 1+1. 

S3 



Then there are at most 



| 4 '°^ 2 '°^ +2 J z 



subsets V C [0,L — 1] /or which Z s ^iy) is nonempty. 

Proof. Let s > S3. For a subset l^C [0, L — 1] we set 

Q s V ■- [ x G X j V j G [0, L - 1] : (T-'x G X >s 4^ j G V) } . 

In the following we estimate the number of subsets V C [0, L — 1] for which 
Q s ,y / 0- 

Let V be any subset of [0, L — l] and decompose V as in (13). We will show that 
Q s ,v being nonempty implies that there is a uniform nontrivial minimal distance 
between k n + K n and k n+ \. The existence of this distance yields restrictions on 
those V for which Q s y 

At first suppose that we have x G X with ht(x) < S3 and ht(T J x) > s for some 
j G N. By Lemma 6.1(iii) we may suppose ht(xat) > 2s\ for all t G [l,e J ]. We 
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aim to prove a nontrivial lower bound on j. By Proposition 5.5 there exists a 
unique cusp £ G 3 and an element g € G with x = such that 

for all t € [l) eJ ]- Proposition 5.3 implies g G £NAMU, say g = ^na r mu with 



it = <t(1, Z,X)a. Lemma 5.2 shows 
ht^(xat) = r • 

for all t G [l,e J ]. In particular, 

s 3 > ht € (x) = 



;i + i|x|2)^ + |z|2 



and 



Therefore 



From 



it follows that 



ht(xa eJ ) = r 



(e-t + \\X\*y + \Z\* 

,2 . ,„ |2 



> S. 



(i + i w y + | Z |- a . . 

S3 



e 2 ^ > 



l + i|X| 2 ) 2 + |Z| 2 



" j + ll^| 2 ) + |Z| 



J > log — 

V^3 

Suppose now that we have x G X with ht(x) > s and ht(T J x) < S3 for some 
j G N. Invoking Lemma 6.1(iv), we can deduce as before that 



j > log 



We set 



Lemma 6.1(v) implies that 



for n = 1, . . . , mi — 1. Let 



Jo 



log — 

S3 



k n + K n + 2j < k n+1 



L-l 



Qs,l '■= \/ T~ J '{X< S , X >s }. 
If L = 2 jo — 1, the cardinality of Q Sj l is 



1 + 



V 2 



which we estimate from above (note that jo > 1) with 

(2jo) 2 - 



ESCAPE OF MASS AND ENTROPY FOR DIAGONAL FLOWS 



31 



For an arbitrary L the set [0, L — 1] is covered by the disjoint union 
[0,L-1] C |J h • (2j - 1) + [0, 2j - 2] 



with 



ki 



L 



2 jo - 1 

For each h G {0, . . . , fcz,}, the cardinality of 

{VH(h- (2j - 1) + [0, 2j - 2]) | V C [0,L - 1], Q s , y ^ 0} 
is at most (2jo) 2 . Therefore, there are at most 

(2jo) 2fci 

subsets V C [0, L — 1] with Q s y 0- Hence the cardinality of is bounded 
from above by 

exp (2k L • log(2j )) . 

Using 



and 



log (2 


log 






) 


2 








1 



k L < 



< 



2jo - 1 
1 



+ 1 



log 



log 2 log 



S3 



+ 2 



□ 



the statement of the proposition follows easily. 

Lemma 8.6. Let s > S3, L as in Lemma 8.5 and V C [0, L — 1]. TTien t/ie set 
Zs,l{V) is covered by at most 

cze c{s)L+h m {T)(L-\\V\) 

L-boxes, where c(s) — > as s — > 00. The constant cz does not depend on s,L 
and V . 



Proof. The proof is similar to that of Lemma 7.3 with s = s' . Without loss of 
generality we may assume that W C X< S3 and we choose a "radius" r for the 
box D r below the injectivity radius of W. We can cover Z s ^iy) with finitely 
many l-boxes xD r with x G Z s> l(V), say 

(19) Z,,l(V) ^ U x i D r- 

i=i 

The necessary number cw of such l-boxes is bounded by a constant independent 
of s,L and V. Suppose now that xqD t is one of the sets used in the covering 
(19) and consider 

Z:= Z s , L (V)nx D r . 

If Z is covered by say d\ £-boxes with center in 2., then a subsequent excursion 
into X >s of length l\ has the effect that Z can be covered by 
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(£+£i)-boxes. Whereas a stay in X< s of length £2 only leads to a trivial estimate, 
that is Z can be covered by 

(£ + ^2)-boxes. In total, Z can be covered by 

c ™ e h m (T)(L-±\V\) 

L-boxes, where c is a constant independent of s, L and V, and m is the number 
of excursions into X >s:j . The proof of Lemma 8.5 now shows that 

2L 

m < 7 r- + 1. 



log 

This completes the proof. □ 
Proposition 8.7. We have 

, w ^ , $o + 4e 

V(X) > 1 : 77—. 

V ; " 2h m {T) 

Proof. For L G N set 

PL ■-- 



1 L_1 



L 

j=0 

Then /i£ converges to v in the weak* topology. For any s > we have 
1 L_1 

j=0 

L-1 L-1 

= - ^ x >s n T-ix >s ) + - Y n r^x >s ). 

i=o i=o 

Since W is bounded, the first summand vanishes for sufficiently large s. For 
x £ X we set 

V x :={je [O.L-l] |T^GX >S }. 

For the second summand it follows 
j L-1 ^ x L 

— 2J M^<s n T j X >s ) = — Y nfj,({x G X< s \\V X \= n}) 

j=0 n=l 

1 W-l L 

= — Y n Ki x G ^<s I \V X \ = n}) + — Y nfi({x G X< s I \V X \ = n}) 

n=l n=[gL] 

<j(\gL]-l)fi(X< s ) + j-L-n({xeX< s I \V X \ >qL}) 
= q + fx({x G X< s I \V X \ > qL}). 

Using Lemmas 8.5 and 8.6 for sufficiently large L allows us to estimate the latter 
term. To that end we set 
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and let n be the radius of the L-boxes used in the covering in Lemma 8.6. Then 

n{{x e x< s 1 \v x \ > qL}) < fit |J z SiL {v) 

\\V\>qL 

< Cze f(s)L e c{s)L+h m {T)(L-\ e L) . cK d-So e (-h m {T)+e +^)(L-l) 

where c(s) := f(s) + c(s) and d is a constant. If we choose 

5 + 4e + Ac(s) 
g=6is)> 2h m (T) ' 

then 

G X< s | |Vi| > £)(s)L}) — >• as L — > oo. 

Therefore, we find e{L) \ as L — > oo, such that for sufficiently large s and L 
we have 

Ml(X >s ) < g(a) + e(L). 

In turn, 

/xx(X< s ) > l-(^(s)+e(L)). 

Thus, 

i/(X< s ) > 1 - 

and 

z^(X) > 1 — n for all p > ^° — ■ g ° . 
V ; " U 2h rn (T) 

This proves the claim. □ 

Our next goal is to estimate from above how many Bowen L-balls (or L-boxes) 
are needed at most to cover W. Let £i(X) T denote the space of T-invariant 
ergodic probability measures on X. 

Proposition 8.8. For each e > 0, each 5 > and each sufficiently large (de- 
pending on e,5) Lq we find a subset Y = Yl of X such that u(Y) > v(X) — e 
and the set Y can be covered by at most 

Cre (hm{T)-5 +5)Lo 

Bowen L^-balls or L^-boxes, where c r only depends on dimC and the radius r 
used for the definition of Bowen balls or boxes. 

Proof. Since Bowen Lo-balls and Lo-boxes are essentially equivalent, we may 
restrict here to use one such kind. Let 

v 

a :- 



i/(X) 

be the normalization of the measure v. The ergodic decomposition of a and the 
fact that <r(0) = yield a subset X' C X with a(X') = 1 and a measurable map 
X' — > £i(X) T , x i y o~ x , such that 



o~ = / o~ x da{x) 
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and a x (X) = for all x G X'. Let CP be any countable partition of X with finite 
partition entropy if cr (J > ) < oo. For any n G N and any x G X let [xj^n-i denote 

the partition element in CPq — 1 which contains x. Further let 

W?r X )(?) :=-\oga([x\^) 

denote the information function of the partition CPq" 1 . Then the Shannon- 
McMillan-Breiman Theorem states that we find a subset X" C X' with a(X") = 1 
such that 

-iM^ix) -»■ K X (T,9) asn^oo 
n 

for all x G X" and in L . 

Let e, 5 > 0. As a consequence of the Shannon-McMillan-Breiman Theorem we 
find a subset Y 1 C X" with cr(Yi) > 1 - e and JVi G N such that for all N > Ni 
and all x G Yi we have 

1/ CT (of- 1 ) (x)<h ff(e (r,o') + (y. 

By Lemma 8.3 we have 

K X {T) < h m (T) - 5 
for each x G X'. Thus, for any N > N± and x G Yi it follows 

-— logcr (\x] 9 n-i^ <h m (T)-8 + S. 

In turn, 

A slight modification of the proof of 7.53 in [EL 10] (we provide the details in 
Section 9) allows us to choose a relatively compact subset Q C X such that 
cr(Q) > 1 — e and a partition CP with finite partition entropy such that 

[xLjv-i Q xBn 

for all x G Q and all JVgN. The radius used here for the definition of Bowen 
balls is an injectivity radius of Q. Set Y := Y\ D Q. Then cr(Y) > 1 — 2e. 
Let N > Nq. Then Y can be covered by finitely many Bowen iV-balls. In the 
following we deduce an upper bound on the number of necessary Bowen iV-balls. 
Suppose 

e N 

Y C XjBjy with Xj G X (pairwise disjoint) 

3=1 

such that £at is minimal. Then 

£ N 

3 dhaG >J2^ x 3 B n), 

3=1 



where we used that the radius of the Bowen balls is an injectivity radius for 
Y. If XjBjy fl7 / 8, then the intersection can be covered by at most 3 dimG 
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Bowen iV-balls with center in 7. In the following we suppose that Xj G Y for 
all j = 1, . . . ,£n- Then 

l N £ N 
9 dimG > Y^vixjBN) > ^2a([ Xj ] 9 N-i 

3=1 3=1 

Therefore 

4v < 9 dimG e - Ar ( /l ™( T )- 5 o+<5). 

This completes the proof. □ 

Lemma 8.9. For sufficiently large Lq G N, each Y = Yl (as in Proposition 8.8) 
and each sufficiently large K G N there exists n £ {0, . . . , Lq — 1} suc/i that 

Proof. Since 

1 L ~ X 

- E T,V(y) u(Y) > v(X) -e as L -+ oo, 
i=o 

we have 

L-l 



i^T^(F)>i/(X)-2 £ 



L 

i=o 

for sufficiently large L. For each such L let G N be maximal with -fTLo < L. 
Reordering the action into step length of Lq we find 

L-i 1 /l -ik-i l-i 

z Ew) = z E E T * fcLo+ x y )+ E T M y ) 

j=0 \ n=0 k=0 j=KL 

L -l K K-l 1 L- 



E T 4 E T^(Y) + y E w)- 



L K ^ * L 

n=U fc=0 3=KL 

The last sum has at most Lo summands. Moreover, K/L < 1/Lq. Therefore 

j=0 n. fc=0 

For sufficiently large L it follows 

„(X) _ & < i- £ 1 x! T " L0+ >( y )- 

n=0 fc=0 

Therefore, for sufficiently large K we find n G {0, . . . , Lq — 1} such that 

K-l 

-^Tf»+' 1 / i(r)>,(X)-4 £ . 

fc=0 

Proposition 8.7 finishes the proof. □ 
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Proposition 8.10. For sufficiently large Lq,K £ N, the set W can be covered 
by at most 

^ e (hm(T)+S)L a e h logK-b 2 K e (h m (T)+2e -±6 +6+e')L K 

L^K-boxes with positive constants 61,62,63 not depending on Lq or K, and e' 
linearly depending on e. 

Proof. Let Lq,K £ N be given and let Y = Yl be as in Proposition 8.8. We 
pick a compact set % which contains both Y and W, and we choose the radius 
for the boxes to be an injectivity radius of %. To start suppose that the number 
n (depending on K) in Lemma 8.9 is 0. Suppose that W is covered by i 1-boxes 
with center in %. Let xqD t be one of these. Further fix a covering of Y by 
e (h m (T)-S +S)Lo £ _ DOxes with center in %. In the classical way of estimating 
how many Bowen ifLo-boxes are needed to cover x$D r we have to count how 
many of the sets 

(20) x D r n x x D r aT e L ° n . . . n x K -\D r a-^ K ~ x ^ 

are non-empty, where each xjD r a e jL ° is either an element of the covering of Y 
or arises from a trivial covering of XoD r ai L ° by e^ hm ^ + ^ L ° Lo-boxes. In any 
case, all Xj are in %. A straightforward consideration shows that each set of 
the form (20) is contained in a single Lgi^-box with radius 2r, hence in 2 dimG 
LoK-boxes with radius r. In the following we estimate how many sets of the 
form (20) arise. 

For each V C [0, K — 1] we set 

W(y):=|xGW Vfc G [0,K — I]: (r kL °x E Y ^ k G v] 

Then decompose W into small sets, all of about the same measure, such that 
each of the small sets is contained in precisely one W(V). Since closely nearby 
points show the same behavior with respect to whether or not being contained 
in Y over limited times (here: K), this is indeed possible. Set 

5p + 4g 

By Lemma 8.9, on average in each step (1 — 6) of the small sets are contained in 
Y and 6 are not contained in Y. Thus, up to boundary considerations, for fixed 
xq we have 

(21) ^ e (/ im (T)~5 +<5)L o y i " b) ^ ^ e (h m (T)+S)L y K f K 

sets of the form (20). There might arise counting mistakes if xoD r a^ L ° overlaps 
the boundary of Y. To compensate for these, we multiply (21) with 2 dim , 
the number of LoK-boxes at most necessary to cover a given LoK-box and its 
boundary. 

To take care of the case n 7^ 0, we start with of most Lo trivial estimates. Thus 
in total we need at most 

bK /JT 



g 2 dimG e (h m {T)+8)L ^(hm^-tfo+^ioV 1 ^ ^ e (h m (T)+6)L 



bk 



LnK-boxes to cover W. 
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We note that 

with e' := 45qE. Moreover, by Stirling's formula we have 
K \ K\ 



bKJ (bk)\((l - b)K)\ 



= (2vr6(l - b)K)~* b~ bK (l - b) {b ~ 1)K . 
Thus, for appropriate choices of 61,62 > 0, it follows that 

K \ < J>\ log K—b^K 

K bK) ~ 

for sufficiently large K. This proves the claim. □ 
Proof of Theorem 8.2. Combining Proposition 8.10 and Lemma 8.4 yields 

/i(W) < e b i lo S K - b 2K CK d- S -^ e (3eo+S+e'-\8 )L K _ 

We choose e so small and Lq so large such that 5 + e' < |<5. Further we choose 
£0 < <j4<5o- Then the exponent 3eo + 5 + e' — \8q is negative. Now letting K 
tend to infinity yields /i(W) = 0, which is a contradiction. □ 



9. Adaption of the partition from [EL10] 

The partition CP is essentially identical with the partition in [EL10, 7.51]. How- 
ever our situation is slightly different to the one in [EL 10] for which reason we 
outline the necessary steps of proof. The differences are as follows: 

• The measure a is not necessarily ergodic, and we cannot reduce to an 
ergodic situation as in [EL 10]. 

• We want to find a big set Q on which the inclusion relation 

[xLiv-i C xBn 

holds for all iV E N (in [EL 10], the mass of Q does not matter as long 
as it is positive, and it is asked for the (weaker) relation 

[x]?%> Q xB N 

for N G N such that xa N £ Q). 

• We do not need the lower bounds on the atoms, which allows to simplify 
CP a bit. 

The construction of CP and the proofs of its properties proceeds in a number of 
steps. 

1) Pick a subset QCI which is open, relatively compact and which has mass 
cr(Q) > 1 — s. Pick an injectivity radius r of Q and decompose Q (up to 
measure zero) into finitely many subsets Q\ , . . . , Qr with positive measure 



38 M. EINSIEDLER, S. KADYROV, AND A. POHL 

such that each of these subsets is contained in a box (or Bowen ball) with 
radius r/16. Set 

Q:={Qi,...,Q R ,X\Q}. 

2) For each i = 1, . . . , R and each j G N let Qij be the set of points x G Qi 
which return to Q with the j-th step but not earlier, that is 

Qij = {x G Qi | xaP e G Q, xa e e £ Q for £ = 1, . . . , j — 1}. 

Set 

Q:={X\Q, Qy | i = l,...,i2, j G N}. 

3) We now decompose the partition elements Qij into smaller subsets. For this 
we remark that each box sD r ^ 16 is covered by at most 

ce Kj 

boxes with radius e~^r/8 (here c < 2 dimG and k < dim G). Let i G {1, . . . , R} 
and j G N. Note that Qij C XjD r / 16 for some Xj G Q. We fix a cover 
B\, . . . -Btvq') with -/V(j) < ce KJ by boxes with radius e~ J r/8. We define 

Qiji : = Qij n -Bi 

Qij2 : = Qij n (-B2 \ Bi) 

Q ij3 ■=Q ij n (B 3 \(B 1 uB 2 )) 

and so on. Set 

y ■= {Qijk, X \ Q I i = 1, . . . , R, j G N, fc = 1, iV(j)}. 
Lemma 9.1. For a-a.e. x £ Q we have 

[x]yN-i C xi?7v 

/or a// 2V G N. 

Proof. By the Poincare Recurrence Theorem, o"-a.e. point in Q returns infinitely 
often to Q. We restrict to these point and pick such an x. Let N G N and let 

y G [xLjv-i. 

There exist i G {1, . . . , i?}, j G N and k G {1, . . . , iV(j)} such that x,y £ Qijk- 
Thus, there exists g G -D e -j r / 4 such that y = xcjf. Then for any I = 0, . . . , j we 
have 

9 G a e V e e- jr/4 a e C a eJ O r a e . 
In the case j > iV — 1 it follows immediately 

y g xSjv- 

Suppose that j < N — 1. Then we find 12, J2,^2 such that xai,ya J e G Qi 2 j 2 k 2 - 
Since 

y<4 = xaiia'i ga{) , 
and cie J gal G i? G and r is an injectivity radius, it follows that actually 

o^W g D e - j2r/4 . 

Now reasoning inductively as above finally shows y G xB^. □ 
Lemma 9.2. T/ie partition 7 has finite partition entropy H a {7). 
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Proof. The only difference to the proof in [EL 10] is that X\Q need not be a 
null set. However, it mass is bounded by e. In turn, we have 

Taking these differences into account the proof is parallel to that in [EL10]. □ 
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